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Solution Sheet 2 — Kinematic boundary conditions

. Repeat the above Example of a pipe resting on the seabed, using a different co-ordinate system,
with origin on the bed (remember that the general equation for a circle with centre at (g, z)

is (x — x0)” 4 (2 — 20)° = a?). Find an expression for a unit vector and then an expression
connecting the velocity components such that water does not cross the solid boundary.

The equation of the circleis
22+ (2 —a)® = a
Introduce
¢ (v,2) =2+ (2 — a)® — d?,
which is of course 0 on the circle.
Vo = 22i+2(z—-a)k
Vo  22i4+2(z—a)k
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n =

but 22 + (z — a)® = a?, sothat
R T, z—a
n=-1+
a
where x and z are related by the equation of the circle.

Check: Left sideof thepipeat (—a,a): i = —i; top of the pipeat (0, 2a): i = k, so correct.

k,

. Ripples on a seabed are quite closely sinusoidal in nature. We will need to find a general
expression for the boundary condition on the seabed. Consider a sea-bed (impervious to flow,
for our purposes) givenby: z = A cos x.

a. Obtain an expression for the unit normal.
Let = z — A cosx, whichis0on the bed. Then

Vo = +Asinzi+k,
Vo  Asinzi+k
Vol VA?sin?z +1

b. Obtain the kinematic boundary condition on the bed.

n —

Asinzi + k
weh = (ui4+wk) . —RTEE g

VA2sin?x + 1

uAsinz +w =20

on z=acosx.

c. Check that your answer makes sensefor © = 0, 7/2, .
When z = 0, z = A, the crest of the wave (ripple), and we get w = 0.
Whenz = 7/2, 2 = 0,uAd +w = 0, and w = —uA (draw asketch).
When z = 7, 2 = — A, the trough of the wave (rippl€), and we get w = 0.



3. Anunsteady case! The kinematic boundary condition is
u-n=U-n,
where U isthe velocity of the local boundary
A circular cylinder of radius a moves along the = axis with constant velocity U. Attimet = 0

itisat theorigin.
a. Merify to your own satisfaction that the equation of the cylinder is

(x —Ut)* + 22 = a*.
Trivial from (z — 20)” + (2 — 2)° = a?!
b. Obtain the kinematic boundary condition on the cylinder:
(u—=U)(x—Ut)+wz =0,
where u and w are the velocity components in the z and =z directions respectively.

¢ = (x—-Ut)?+2*>—a’
Vo = 2(x—Ut)i+ 22k
2(x — Ut)i+ 22k

ﬁ pu—

U = Ui
u-n = (ui+wk)~2(x_ E]t)1>+2Zk
U-fi — Ui-2<$_Ut)l+22k

2u(x — Ut)+ 2wz = 2U(x —Ut),

and the result follows.



