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SUMMARY Some recent developments and new results for the theories of steadily progressing waves and their 
application to marine problems are discussed. It is shown that most applications of Stokes and cnoidal 
theories have been incorrect at first order, and if neither the wave speed nor the current nor the mass flux 
is known, no theory higher than first order should be used. A new Stokes theory is presented, which is 
rather simpler to apply than previous theories. An existing cnoidal theory is modified to allow for the 
effects of current, and a number of recent simple formulae are presented for calculating the necessary 
elliptic functions and integrals. Finally, a recent Fourier approximation numerical method is discussed. 

1 INTRODUCTION 

The usual approximation made to solve the problem 
of waves propagating without rapid changes is that 
each wave is one of an infinitely long periodic 
wave train which propagates without change of 
shape, in water of constant depth. For seas in 
which there is a dominant wave period, such as 
swell, and where reflection and diffraction are 
not important, this should be quite a good approx-
imation to the actual unsteady problem. Evidence 
suggests that individual waves appear to be rather 
stable, and the effects of nonlinear interactions 
are rather weak. 

The problem of a steadily-progressing wave 
train has received considerable attention over the 
years. Of the various theories and numerical 
methods, there are three which stand out as being 
rational approximations, whose accuracy can be 
precisely quantified, which can be extended to 
higher orders, and whose applicability has been 
extensively tested. These are Stokes theory, 
cnoidal theory, and the numerical methods widely 
known as "stream-function" methods, but which are 
more appropriately known as Fourier approximation 
methods. Recent developments and new results in 
each of these areas will be described in this 
paper, showing how the application of each has 
become somewhat simpler in recent years. Before 
this is done, however, a feature will be discussed 
which has been commonly neglected by all wave 
theories, with the result that the application of 
most has been incorrect at first order. 

2. DOPPLER SHIFTING OF THE WAVE PERIOD 

2.1 Wave speed and period 

Contrary to the implicit assumptions of many 
theories, no wave theory can predict the actual 
wave speed, for in most marine situations there is 
a finite current. The wave speed relative to an 
observer depends on the value of the current at 
that point; the waves travel faster with the 
current than against it. Thus, for waves of a 
given length, the apparent period measured by the 
observer (time interval between arrival of crests, 
say) depends on the current, or in familiar phy-
sics terms, the apparent period is Doppler-
shlfted. Without explicit allowance for the 
current it is not consistent to use the wave 

period in the calculation of a solution. Any solu-
tion thus obtained would be somewhat in error at 
first order, and it would be a waste of time to 
use any theory higher than that. 
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6 CONCLUSIONS 

The three main approaches to the steady wave prob-
lem have been discussed, and some new results have 
been presented. It has been emphasized that insuf-
ficient recognition has been given to the fact 
that the wave speed (and hence the wave period) 
depends on the current on which the wave is trav-
elling. Results presented include (i) A Stokes 
theory which uses the actual wave height in the 
expansion parameter, which makes practical appli-
cation rather simpler. It is noted that some 
existing theories are wrong, (ii) An existing 
cnoidal theory is modified to allow for the more 
general case when the waves travel on a current. 
Some formulae are presented so that the elliptic 
functions and integrals may be more simply calcu-
lated for cnoidal waves, (iii) A recent Fourier 
approximation method has been briefly discussed. 
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