A FIFTH-ORDER STOKES THEORY
g_ FOR STEADY WAVES

By John D. Fenton'

ABSTRACT: An alternative Stokes theory for steady waves in water of constant
depth is presented where the expansion parameter is the wave steepness itself.
The first step in application requires the solution of one nonlinear equation,
rather than two or three simultaneously as has been previously necessary. In
addition to the usually specified design parameters of wave height, period and
- water depth, it is also necessary to specify the current or mass flux to apply
any steady wave theory. The reason being that the waves almost always travel
on some finite current and the apparent wave period is actually a Doppler-
shifted period. Most previous theories have ignored this, and their application
has been indefinite, if not wrong, at first order. A numerical method for testing
theoretical results is proposed, which shows that two existing theories are wrong
at fifth order, while the present theory and that of Chappelear are correct. Com-
parisons with experiments and accurate numerical results show that the present
theory is accurate for wavelengths shorter than ten times the water depth.

INTRODUCTION

The problem of a steadily-progressing periodic wave train is perhaps
the simplest problem in the field of water waves, and yet because of the
nonlinear nature of the governing equations, has been solved accurately
only in recent years, during which several interesting phenomena have
been discovered. For a recent survey of the problem and various solu-
tions, reference can be made to Schwartz and Fenton (10). For practical
problems, an application-oriented accurate method is that of Rienecker
and Fenton (8), however this and all others which obtain accurate so-
lutions even for high waves are based on numerical methods, and are
not presented as explicit solutions. In problems where the waves are not
very high or where great accuracy is not required, it is more reasonable
. to use an approximate explicit solution, such as cnoidal theory for shal-

low water or Stokes’ theory for deeper water.

The essential features of Stokes’ theory for periodic steady waves are:
.all variation in the direction of propagation is represented by Fourier
series, and the coefficients in these series can be written as perturbation
expansions in terms of a parameter which increases with wave height.
Stokes used ak, the leading term in a Fourier series, in which k = the
wave number, k = 27/)\; and A = the wavelength, and a4 has no physical
significance other than that of being a length scale which is equal to the
amplitude of the wave at lowest order. The terms in the perturbation

- expansion can be found by satisfying boundary conditions on the free
surface, and solving the resulting set of ordered equations.

The shortest way of proceeding to a solution is by an inverse method,
in which the complex coordinate in the physical plane is obtained as a
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function of the complex velocity potential. In this case the boundaries
of the problem are known initially, as the stream function is constant
on the bottom and on the free surface. For arbitrary constant depth,
Stokes obtained a solution to third order in ak. This was taken to fifth
order by De (4). Subsequently, computer manipulation of the series was
used by Schwartz (9) and Cokelet (2) to obtain numerical values of the
coefficients for a given ratio of depth to wavelength to very high orders.
Schwartz found that use of the leading coefficient, ak, as the expansion
parameter had an important limitation. gk reaches a maximum before
the highest wave is attained, with the result that convergence of the
series is limited. This was partially overcome by using the actual crest-
to-trough wave height, H, in the expansion parameter, as kH/2, but it
was necessary to use convergence-enhancement procedures to obtain ac-
curate results for steep waves.

For the solution of many practical problems, the inverse plane results
are not readily applicable. De (4) reverted his series to give an expression
for the complex potential, from which velocities can be obtained as a
function of position. Similar fifth-order results were presented by Chap-
pelear (1), who suggested that De’s results were wrong at fifth order.
For practical application, however, this approach has a limitation in that
the theory is presented in terms of ak and kI, in which | = a depth scale
given by the ratio of the volume flux under the stationary waves to the
mean fluid velocity on a constant level. It is not, in general, equal to the
depth, and is injtially unknown. This causes difficulty in practical prob-
lems as neither 4 nor /, and usually not k, are known a priori. They have
to be obtained through the solution of three simultaneous nonlinear
equations. It is difficult to obtain a solution to these equations in the
limit of shallow water and, surprisingly, also in the deep water limit.
An approximate procedure for the latter case has been given by Dailey
3).

Skjelbreia and Hendrickson (11) obtained an alternative fifth-order
Stokes theory, proceeding via the physical plane. They obtained a so-
lution in terms of ak and kd, in which d = the mean fluid depth. Their
theory is slightly simpler to apply than those obtained via the inverse
plane, for only two nonlinear simultaneous equations have to be solved
for a and k. However, obtaining a solution is still often difficult. It will
be shown in the following that the Skjelbreia and Hendrickson theory
is, in fact, wrong at fifth order.

All of the theories described previously have made the implicit as-
sumption that the waves travel at Stokes’ first definition of wave speed.
As a result, in the frame of interest, they travel such that the time mean-
fluid velocity at all points within the fluid is zero. This need not be the
case, of course. Indeed, it is much more likely that the waves are trav-
elling on some small but finite current, whether it be positive or nega-
tive, and the measured period is a Doppler-shifted period. The theories
do not determine the wave speed—it is determined by external physical
factors, such as the current, or, in other situations, by the mass or vol-
ume flux underneath the waves. Tsuchiya and Yamaguchi (12) have de-
veloped a fourth-order theory in which it is assumed that the waves
travel at Stokes’ second definition of wave speed, such that the mass
flux is zero. While this is the case for experiments in a closed tank, in
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general it need not be true either. In the general case, to apply any steady
wave theory it is usually necessary to know either the wave speed or
the current or the mass flux. This has been pointed out by Rienecker
and Fenton (8), and allowed for in their numerical method.

In this paper a fifth-order Stokes theory for steady waves is presented
in which an attempt is made to correct and to obviate some of the dis-
advantages of previous theories. Instead of an unknown Fourier coef-
ficient ak being used as expansion parameter, the dimensionless wave
height (wave steepness) is used in the form kH/2. The expressions for
the individual coefficients are functions only of the dimensionless depth,
kd, so that the only unknown, ab initio, is the wave number k, which
can be found by the numerical solution of a single nonlinear equation.
Two alternative possibilities for this equation are given, one in terms of
the mean current at a point, the other in terms of the mean mass (vol-
ume) flux under the waves. If neither of these quantities is known, nor
any other factor which determines the wave speed, then there is little
point in using the fifth-order theory or any other high-order theory. The
results would be mathematically inconsistent at first order, and inclusion
of higher order terms simply a waste of time.

The present solution and two previous fifth-order solutions are checked
numerically, and it is shown that both De’s and Skjelbreia and Hen-
drickson’s theories are wrong at fifth order. Subsequently, application
of the theory to practical problems is examined, showing when and how
the present theory can be used. Finally, results from the present theory
are compared with some experimental data, and with accurate results
from numerical solutions.

SteapY WAVE EQUATIONS AND THEIR SOLUTION

The problem considered is that of periodic waves propagating without
change of form over a layer of fluid on a horizontal impermeable bed.
The origin is on the bed, the horizontal coordinate is x and the vertical
coordinate is y. This reference frame moves with the same velocity as
" the waves so that in this frame all motion is steady. The problem can
be uniquely solved in this frame. Not until any other frame of reference
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FIG. 1.—One Wave of Steady Periodic Wave Train, Showing Important Physical
Quantities
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is considered does the wave speed have to be known. Fig. 1 shows the
physical situation and important dimensions.

If the fluid is incompressible, a stream function, §, exists such that
velocity components (1, v) are given by u = 0y/dy, v = —adp/dx, and, if
the motion is irrotational, ¢ satisfies Laplace’s equation throughout the
fluid. Thus

R
¥ v
ax*  9y?

The boundary conditions to be satisfied are

W 0) = 0 e e e @)

on the bottom y = 0; on the free surface y = m(x) the kinematic boundary
condition is

WM = =Q e 3)

in which Q = a positive constant denoting the total volume rate of flow
underneath the stationary wave per unit length normal to the (x,y) plane;
and the condition requiring pressure on the free surface to be constant,
combined with Bernoulli’s equation, gives

1[ (aw)’ @)Z] _
2[(8x>+<ay M= R @)

on the free surface y = m(x), in which g = the gravitational acceleration;
and R = a positive constant.

Three physical dimensions uniquely define a particular problem: the
mean water depth, d, the wave height, H, and the wavelength, \. A
solution will be obtained here in terms of these quantities, although as
will be examined subsequently, the wavelength is often initially un-
known. It is more convenient to use the wave number k = 27/\ in the
analysis, and to introduce the dimensionless wave amplitude e = kH /2,
often known as the wave steepness.

The following expansion for { is assumed, as suggested by previous
Stokes wave theories:

%"’ = —ky+ >, > fyelsinhjky cos fkx .. ... (5)
i=1 j=1

in which # = the mean fluid speed for any constant value of y. It is
simpler to write it on the left side so that the leading term in the ex-
pansion is simply —ky, which greatly facilitates subsequent calculations.
The coefficients f; are dimensionless.

Eq. 5 satisfies the field Eq. 1 and the boundary condition on the bot-
tom, Eq. 2. Substituting the expansion for { into the surface boundary
conditions Eqs. 3 and 4 gives

% —kn(x) + >, > fye'sinhjkn(x) cosjkx =0 ..., (6)

i=1j=1

219



® i 2
and [—1 + >0 > jfy€ cosh jkm(x)cos jkx}
i=1j=1
5 . ' 2R
+ [Z > jfye’ sinh jkm (x) sinjkx:] + E‘gn(x) — =0 )
i=1j=1 u

Now, perturbation expansions in terms of e can be assumed for the

quantities in these equations, in which the undisturbed state is a uni-

form flow (in the negative x direction) of depth, d and speed, C,(g/k)"*:

k 1/2 ®
a<~> =C0+2Ciei ......................................... (8)

8

3\ 1/2 3\ 172 »
0 <k—> = ad (k—> Y D€ )

g g i=1
Rk 1 -
— =S G2k D B (10)
i=1
© i . J
and km(x)=kd + 2 E b€’ cos /(‘JC ............................ 11

i=1 j=1

The coefficients in these equations (b;, C,, C;, D;, and E;) are all di-
mensionless. Eq. 11 is presented as a power series with terms like
cos’kx, rather than as a Fourier series with terms like cos jkx. m(x) ap-
pears in the argument of hyperbolic functions in Egs. 6 and 7, and will
be expanded as a power series because it is easier to do if the argument
is a power series. As this series in Eq. 11 must be such that the mean
value of n(x) is d, and the difference between the crest and trough el-
evations is H, certain relations exist between coefficients in the power
series.

If the expansions Eqs. 8-11 are substituted into Eqgs. 6 and 7, then all
the hyperbolic functions can be expanded (as power series of power se-
ries) and all the necessary series multiplications performed. As the
boundary conditions must be satisfied for all values of € and all values
of x, a hierarchy of separate equations is obtained, each being the coef-
ficient of a term in a double power series in € and cos kx. The number
of terms in these equations increases rapidly with order. For example,
those equations obtained from the Bernoulli equation contain 2 terms at
order €, and successively 10, 14, 44 and finally 83 at order €°, after which
calculations were terminated. These operations and subsequent solution
of the equations took the writer about a week of intense effort (each
time, until he got it right!) including a number of numerical checks at
each stage. After subsequent multiplications and conversion to Fourier
series, the following solution was obtained.

PRESENTATION OF SOLUTION
In this section, the solution will be presented as a number of power
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series expansions, truncated after fifth order. The coefficients in these
expansions, which are dimensionless, are given in Table 1. Whereas it
is simpler to use the stream function to obtain a solution, it seems rather
more direct to present results in terms of the velocity potential ¢ (x,y),
in which u = d¢/dx = d/dy, and v = dd/dy = —ady/ax. The solution
can be presented entirely in terms of the dimensionless wave height, €
= kH/2 and dimensionless water depth, kd, in which k = the wave-
number, k = 27 /\. The procedure for determining k is given later in this
paper for several different cases commonly encountered in practice. In
some situations, notably when just wave height, period, and water depth
are specified, it will be shown that it is unreasonable to use any theory
higher than first order. It should be noted that in most practical appli-
cations it is desirable to know velocities, pressures and elevations in a
frame through which the waves are moving. Expressions for these are
given in the section headed ““Application of Theory,” where the pro-
cedure for determining k is also given.
The solution to the steady wave problem is as follows:

12 5 i
dx,y) = —ax + C, (;{‘%) > € > Ajcosh jky sinjkx + 0(e®) ...... (12)
=1 j=1
in which the mean horizontal fluid speed, #, is given by
k 1/2
ﬁ(—) =Co+ € Cot+ €* Cyt0(€%) e vvvneiniiiiii (13)
8

The Landau order symbol 0(e®) means that neglected terms are of the
order of €°. It should be pointed out that i is the quantity usually re-
ferred to as the ““wave speed” in presentations of wave theory, which
is Stokes’ first definition of wave speed. It is numerically equal to the
wave speed only relative to a frame in which the mean current is zero.
This will be further examined in the following.

The expression for the free surface profile is

kn(x) = kd + e cos kx + €?B, cos 2kx + €2By;(cos kx — cos 3kx)
+ €*(B4 cos 2kx + By, cos 4kx) + €°(—(Bss + Bss) cos kx
+ Bsscos 3kx + Bsscos 5hkx) + 0(€) oo (14)

while the expansion for the volume flux under the wave is

3\ 1/2
Q<~> = C,kd + €*(Cokd + D,) + €*(Cy4kd + Dy)
8

3\ 172
+ 0(e®) = ud (—) + €D, +€*Dy+0(€®) oo (15)
8
and that for the Bernoulli constant is
Rk 1
—=§Cg+kd+ezE2+e4E4+0(e6) ............................ (16)
8
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TABLE 1.—Formulas for Coefficients in Fifth-Order Solution, Eqs. 12-16*

Ay = 1/sinh kd
Ayn =38%/[2(1 - S)}
Ay =(—4—-20S + 1052 - 135%/[8 sinh kd (1 — $)’]
Az = (—25%+ 118%/[8 sinh kd (1 — S)’]
Ap= (125 — 1452 — 264 5% — 455* — 135%)/[24(1 — S)°]
A= (105% - 1745% + 2915° + 2785%)/[48(3 + 25)(1 — S)*]
As = (—1,184 + 325 + 13,23252 + 21,7125° + 20,9405* + 12,554 $° — 500 S°
—3,34157 — 6705%)/[64 sinh kd (3 + 25)(4 + S)(1 — S)‘]
Ass = (45 + 10582 + 1985 — 1,376 5* — 1,3025° — 1175 + 5857)/
[32sinh kd (3 + 25)}1 — S)°]
Ass = (—6S%+ 2725* — 1,5525°% + 8525° + 2,02957 + 4305%)/
[64- sinh kd (3 + 25)(4 + S)(1 - S)]
By, = coth kd (1 + 2S)/[2(1 — S)]
By = —3(1 + 35+ 352 + 25%/[8(1 — S)
By = coth kd (6 — 265 — 18252 — 204 5% — 255* + 265%)/[6(3 + 25)(1 — )Y
B, = cothkd (24 + 925 + 1225% + 66S° + 675* + 345°)/[24(3 + 25)(1 — S)*]
Bs; = 9(132 + 175 — 2,216S52 — 5,8975° — 6,2925* — 2,6875° + 194S5°
+ 46757 + 825%)/[128(3 + 25)(4 + S)(1 — S)7]
Bss = 5(300 + 1,579S + 3,176 5 + 2,9495° + 1,1885* + 6755° + 1,326 S°
+ 82757 + 1305%/[384(3 + 25)(4 + S)(1 — S)7]
C, = (tanh kd)"?
C, = (tanh kd)"* (2 + 75%/[4(1 — S)}
C, = (tanh kd)"? (4 + 325 — 1165% — 400S° — 715* + 1465°%)/[32(1 — S)°]
D, = —(coth kd)'?/2
D, = (coth kd)"? (2 + 4S5 + S$? + 25%/[8(1 — 5)7]
E, = tanh kd 2 + 25 + 55%)/[4(1 - S)?]
E, = tanh kd (8 + 125 — 15252 — 3085° — 425* + 775%/[32(1 — S)*]

“In terms of hyperbolic functions of kd, including S = sech 2kd.

The dimensionless coefficients with numerical subscripts in these
equations are functions only of kd. The formulas for the individual coef-
ficients can be presented most conveniently in terms of the hyperbolic
function S = sech 2kd, and other hyperbolic functions, and are given in
Table 1.

There are two important limits for kd. The asymptotic behavior of the
coefficients for the deep-water limit, kd — «, is shown in Col. 2 of Table
2, while in Col. 3 the shallow water limiting behavior of the coefficients
as kd —> 0 are shown. Finally, in Col. 4 the numerical values of each for
a particular value of d/\ = 0.12, kd = 0.753982 ... are given. This is the
value used by Skjelbreia and Hendrickson in the worked example they
presented. The writer found this very helpful in numerical checking of
their work and of the present work, and which may provide a check if
others write programs from the formulas in Table 1.

An examination of results for the two depth limits is now given:
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TABLE 2.—Values of Coefficients in Special Cases®

Shallow water,
Deep water, value in behavior in limit Value for
Coefficient limit as kd — o askd — 0 kd = 0.753982
(1) () @) 4
Ay 2¢7H ~(kd)™™ 1.208490
Ay 6e - 0.799840
Ay —e -7 —9.105340
Az —2¢7%H -7 0.368275
Ap g2 10 —12.196150
Ay 5e 7% /9 -1 0.058723
As —37e7¥/12 B 108.467921
Ass e3/6 - —6.941756
Ass —e 7H/8 -8 —0.074979
By 1/2 3 2.502414
By -3/8 -6 —5.731666
By, 1/3 -0 —32.407508
By 1/3 - 14.033758
Bss 99/128 -2 —103.445042
Bss 125/384 -2 37.200027
Co 1 12 0.798448
C, 1/2 772 1.940215
C, 1/8 ~12 —12.970403
D, -1/2 12 —0.626215
D, 1/4 1372 3.257104
E, 1/2 -3 1.781926
E, 1/4 - —11.573657

*The limiting value in the deep water limit is given, but for shallow water the
behavior only is given.
"After the first entry, only the exponent of kd is given.

Deep Water kd — ©.—The results in Col. 2 of Table 2 are easily ob-
tained from the expressions in Table 1, because as kd — », S = sech 2kd
~ ¢ 2¥ — (. It is this limit in which the Stokes theory is most accurate.
Incorporating the limiting forms into Eq. 12, with the limiting form of
cosh jky and introducing the coordinate y+ = y — d, the elevation above
the mean surface level, gives

)\ 1, 1 1
(——) b(x,y) = —kx <1 +-€2+= e4> + ee* sin kx — = €%e™* sin kx
< 2¢ 78 2

1 -37 1
+ -2-6482@* sin 2kx + €° (—i- e®* sin kx + o e3k* sin 3kx> + 0% (17)

It is interesting that in this deep water limit, the higher frequency terms
for a given order disappear, and this fifth order result contains only the
first three harmonics. By considering the deep water limit for Eq. 14,
the expression for n«(x), the height of the free surface above the mean
in deep water can be obtained:
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1 3
kv (x) = e cos kx + 5 €% cos 2kx + §e3(cos 3kx — cos kx)

1 1
+ 564 (cos 2kx + cos 4kx) + — €°(—422 cos kx + 297 cos 3kx

384
+ 125 o8 5hx)+ 0(€0) oo e et e (18)
while the expression for the mean fluid speed becomes
1/2 1
ﬂ(—) =1+-€®+=€e*+0(€®). ..o 19
g 2

Shallow Water kd — 0.—In this case S = 1 — 2(kd)’. Results are given
in Col. 3 of Table 2. It is clear that for each higher order term the coef-
ficients vary like an extra power of (kd)™. Thus, the effective expansion
parameter is €/(kd)® in the shallow water limit. As the limit considered
is kd — 0, this obviously is an inappropriate limit for the application of
Stokes-type theories. They should only be applied if the magnitudes of
both € and €/(kd)’ are small, and the magnitude of the latter parameter
should be monitored if Stokes’ theory is to be used in shallow water.
This was first pointed out by Ursell (13), and the ratio, or one propor-
tional to it, HA?/d?, is known as the Ursell number. If this number is
large, such that the higher-order contributions in the series are not small,
then the theory should not be used. The region of validity of the theory
is indicated by the results shown in Fig. 2. If the waves are long, but

k/g Ad =

0.6 12

1 1 1 1 1

€=kH/2

FIG. 2.—Comparison of Present Theory (Dashed Line) and High-Order Results of
Cokelet (Solid Line) for Square of Stokes’ First Definition of Wave Speed, as Func-
tion of Wave Height and Length
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not higher than about 40% of the water depth, then cnoidal theory can
be used (5).

NumeRricaL CHEck OF FIFTH-ORDER STokEs WAVE THEORIES

A convenient numerical check can be made of the various fifth-order
Stokes wave theories of Chappelear (1), De (4), Skjelbreia and Hendrick-
son (11) and the present work, by using a variant of the procedure known
as (Richardson) extrapolation to the limit. The method should be capable
of wider application in engineering and physics as a numerical means
of checking theoretical results. To test each steady wave theory, the pro-
cedure is as follows. For any value of kd (or kI = kQ/i in the case of
Chappelear and De), all the values of the coefficients in each solution
are calculated, and for a certain small value of the expansion parameter,
the residual errors on the free surface in each of the kinematic and Ber-
noulli surface boundary conditions are calculated at a number of points.
In each case the whole procedure is followed separately. Taking a dis-
crete Fourier transform of these errors, the amplitude of the individual
Fourier components of the residual errors can be calculated. This whole
process can be repeated for a different small value of the expansion pa-
rameter. It is then assumed that the amplitude of the jth Fourier com-
ponent of the error, e;(e), is given by

e;(€) = a(F)E™ ) + 0(™™) L.ttt (20)

in which a and 7 are independent of €. A numerical value of #, the order
of the error terms of each harmonic in each free surface equation, can
be calculated from the ratio of the errors computed for the two values
of €, by the expression

. I:ej(EZ)]
ej(e1)

() =t 0(€1,€2) v e et 1)

log <3>
€7

in which €; = the first value of € used; and €, = the second. This was
done using €; = 0.01 and e, = 0.02 for the theories of Chappelear, Skjel-
breia and Hendrickson, and the present work, and the results are given
in Table 3.

This is a demanding test, which checks the values of every term in
every equation, and any error in the calculations would produce a lower
value of n. The results are strong numerical evidence that Chappelear’s
theory is correct at fifth order, and so is the theory presented in this
work, but that the theory of Skjelbreia and Hendrickson is wrong at fifth
order in the dynamic boundary condition. It can also be noted, as Chap-
pelear observed differences between his and De’s results, that the lat-
ter’s theory is also wrong at fifth order.

Skjelbreia and Hendrickson’s theory (11) was examined by recasting
the present theory to use their expansion parameter, which is the coef-
ficient of cos kx in the series for the free surface profile. All the coeffi-
cients given by Skjelbreia and Hendrickson were obtained, with the sole
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TABLE 3.—Order of Errors in Kinematic and Dynamic Free Surfice Boundary
Conditions (Egs. 3 and 4)°

Fourier Skjelbreia and

component, Chappelear Hendrickson Present Theory
j Kinematic Dynamic | Kinematic Dynamic | Kinematic Dynamic
M (2) @) 4)
0 — — — — 6.0 6.0
1 7.0 7.0 7.0 5.0° 7.0 7.0
2 6.0 6.0 6.0 6.0 6.0 6.0
3 7.0 7.0 7.0 7.0 7.0 7.0
4 6.0 6.0 6.0 6.0 6.0 6.0
5 7.0 7.0 7.0 7.0 7.0 7.0
6 6.0 6.0 6.0 6.0 6.0 6.0
7 7.0 7.0 7.0 7.0 7.0 7.0

*The numbers shown are n(j), where the error has been assumed to be pro-
portional to e".
"Indicates error at fifth order in the Skjelbreia and Hendrickson theory.

exception of an incorrect sign in their expression for “C,” the fifth-order
term in the series for “wave speed.” In that expression, a coefficient of
+2,592 should in fact be —2,592. This has been pointed out by Nishi-
mura, et al. (7). As “C” is used throughout in Skjelbreia and Hendrick-
son’s theory, it can be concluded that all applications of that theory which
have not incorporated the sign change have been wrong at fifth order.
This is in addition to the assertion in the following section that many
applications of steady wave theories have been inconsistent at first or-
der.

APPLICATION OF THEORY

Calculation of Wave Number k.—The solution for steady waves has
been presented in the foregoing in terms of the two dimensionless quan-
tities e = kH/2 = wH/\, and kd = 2wd/\. If the wave height, H, wave-
length, A, and water depth, d, are known, both € and kd can be calcu-
lated and the solution obtained. Often, however, the wave period, 7,
rather than the wave length is known initially, and often it is desirable
to calculate the unsteady water velocities in a frame through which the
waves are moving. In either of these situations it is necessary to know
the wave speed, ¢, by measurement or from the following theory. It
should be remembered that the theory itself can only predict the speed
at which the waves travel relative to a frame in which there is zero cur-
rent. The wave speed relative to a physical frame of interest, such as
the sea bed, is determined by physical quantities external to the present
solution, such as the current or the mass flux. The apparent period in
that frame is a Doppler-shifted period. If neither the current nor the
mass flux nor the wave speed is known, then it is theoretically incon-
sistent and practically a waste of time to use any theories other than the
lowest order. The procedure in the various cases will be described in
the following:
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1. H, d and A Are Known.—The theory can be directly applied; how-
ever, if unsteady fluid velocities are to be calculated, a knowledge of the
wave speed, ¢, is essential.

2. H, d, 7 and c Are Known.—In this case the wavelength A = ¢t and
the procedure of case 1 can be followed.

3. H, d, T and Mean Uniform Current Are Known.—This is the case ex-
pected to be most commonly encountered in practice. If the mean uni-
form current under the waves is known, the solution can be found. If
the current is not known, reference should be made to case 5, which
follows.

In a frame moving with the waves, the mean fluid speed is # and is
in the negative x direction, so that if the waves travel at speed c in the
positive x-direction, the Eulerian time mean fluid velocity at any point
in the water, cg, is given by

This would be the mean current measured by a stationary velocity meter
in the fluid under the waves. Now, ¢ = A/t = 2w /kr, and 7 is given by
Eq. 13 as a function of kH/2 and kd, which gives the transcendentally-
nonlinear equation to be solved for k:

('f>m L +(E>2c kd
o) e rggEt Gl + () Catd)

kH\*
+ (—2—) Calkd) = 0. oo e (23)

in which the neglected terms of order (kH /2)° have not been shown.
The functional dependence of C,, C, and C, on kd is indicated in this
equation. The explicit details of this dependence are given in Table 1.
For deep water, Col. 2 of Table 2 shows the numerical values of these
coefficients, which are independent of kd in the limit. The wave number,
k, is the only unknown in this equation, and it can be determined by
any of the usual iterative methods: trial and error, bisection, regula falsi,
or by the secant method. The secant method is a convenient approxi-
mation to Newton’s method where, as is the case here, the functional
dependence on the unknown is sufficiently complicated so as to make
differentiation rather daunting. A first approximation to be used in all
solutions of Eq. 23 might be the linear deep-water result for small c,
obtained from Eq. 23:

an? (4
k= (1 - ”CE> ............................................ (24)
T’g
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Equations similar to Eq. 23 have been presented by Chappelear (1) and
by Skjelbreia and Hendrickson (11) as part of a system of nonlinear
equations (3 and 2, respectively) to be solved to give the magnitudes of
the expansion parameter and the wave number. In the present work the
use of the actual wave height, H, in the expansion parameter and the
actual depth, d, as the depth scale, means that only one equation has
to be solved, a rather simpler task.
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A more important feature of Eq. 23 is the incorporation of the fact that
waves may travel at any speed, and that the theory does not determine
the actual wave speed. The mean current (the Eulerian mean horizontal
fluid velocity) is a parameter to be specified, rather than assuming it to
be identically zero as has been done by most wave theories, including
the Stokes wave theories of Chappelear (1) and Skjelbreia and Hendrick-
son (11) and cnoidal wave theories, up to and including that of Fenton
5).
Once k has been found, the theory can be applied, and the wave speed
found from the equation ¢ = @ + cg.

4. H, d, =, and Mass or Volume Flux Known.—In some situations, no-
tably in laboratory experiments, the mass flux under the waves is known
or can be assumed, and this can be used to determine the solution. In
a frame moving with the waves the volume flow rate underneath the
waves per unit span is Q (in the negative x-direction). Thus, the mean
velocity with which the fluid is transported is —Q/d. In a frame through
which the waves travel with velocity ¢, the mean fluid transport velocity
in the direction of propagation of the waves (the ‘“mass transport ve-
locity”” or ““Stokes drift velocity”’) is cs, such that

Substituting this and ¢ = 2w /kt into Eq. 15 gives

(':)” L +(@)2[C . L]
g CS 'r(gk)l/z 0( ) 2 2( ) kd

kH\' Du(kd)]
+ <7> [C4(kd)+——kd J— ................................ (26)

where the explicit functional dependence on kd of C,, C,, C4, D, and
D, is given in Table 1. The presence of neglected terms of sixth order
has not been indicated. The wave number k is the only unknown in this
equation, and can be determined by the numerical methods previously
mentioned in case 3. As a first approximation, Eq. 24 can be used, but
where ¢ is used instead of ¢y, the two are identical to second order.

Once k has been found, the theory can be applied, and the wave speed
found from the expression ¢ = Q/d + cs.

One common application of this mass flux condition rather than the
mean current criterion of case 3 is to laboratory experiments in a tank
with closed ends, in which ¢; = 0. In many previous comparisons be-
tween theory and experiment this has not been used, and the incorrect
condition ¢ = 0 has been applied. It should be noted that Tsuchiya and
Yamaguchi (12) have presented both Stokes and cnoidal wave theories
for the condition cs = 0, but did not consider the general case, where
cs may have a finite specified value.

5. H, d, and = Only Are Known.—This has often been the situation in
practice. If neither the wave speed, ¢, is known nor the mean current,
ce, nor the mass flux velocity, ¢s, nor any other quantity which deter-
mines the wave speed, then there is no mathematically-rational basis for
applying any wave theory. Neither Eq. 23 nor 26 can be solved for the
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wave number k. In most geophysical applications, however, both the
mean current and the mass flux velocity are small compared with typical
wave speeds. So as a sensible but mathematically-irrational approxi-
mation, a value of c; = 0 might be assumed, giving Stokes’ first defi-
nition of wave speed, or a value of c; = 0 might be taken, giving his
second definition. As the accuracy of this assumption is unknown in any
particular situation, there would seem to be no justification for including
any of the higher order terms in Eqs. 23 or 26, in which case they reduce
to the same first-order approximation. Thus, there is no justification for
any theory other than first-order theory to be used subsequently in this
case.

Application of Theory to Propagating Waves.—To use the equations
presented in this section it is necessary to have calculated e and kd from
the previous theory, and to determine ¢ as described in each case. It is,
of course, not necessary to use the full fifth-order theory. Depending on
the particular application, the theory can be used to any lower order.

A co-ordinate frame (X,Y) is considered, such that the frame is sta-
tionary relative to the frame of interest (often the sea floor), through
which the waves propagate at velocity c. The origin is on the bed, with
X the horizontal co-ordinate in the direction of propagation of the waves,
and with Y vertical, such that X = x + ¢t, and Y = y. The fluid velocities
in the (X,Y) frame, (U, V), are U = d®/9X, V = 9®/3Y, in which the
velocity potential, ®, can simply be obtained from Eq. 12:

OX,Y,t) = (c — )X

172 5 i

+C, (%) D el > Ajcosh kY sinjk(X = ct) «ouviiiiiiiiiinnn. 27)
i=1  j=1

and, similarly, the expression for surface elevation from Eq. 14 is

kn(X,t) = kd + € cos k(X — ct)

+ other termsin Eq. 14 with x=X—ct....................... (28)

In each of these expressions, the time origin is such that t = 0 when a
wave crest is at X = 0. The pressure at any point, p(X, Y, t), is given by

pX, Y, t)
P
in which p = the fluid density.
For the case of deep water, the expressions yield

8

K

R—-gY——%[(U—c)Z+ V2 (29)

1/2
XY, t)=(c—ua)X+ ( ) [ee** sin k(X — ct)

+ other terms in Eq. 17 with x=X—ct] ................. ... (30)

in which 7 is given by Eq. 19; and Y, = the elevation above the mean
surface level. The elevation of the surface relative to the mean, n« (X, t),
is given by

kn«(X,t) = e cos k(X — ct)
+ other terms in Eq. 18 with x=X—-ct....................... (31)
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For the pressure in deep water the equations yield

pP_8(1_ 1, 14>_1 4y
- k<2 kys + o€l 4 et ) = [U =P+ VAL L 32)

COMPARISON WITH EXPERIMENT AND WITH ACCURATE SOLUTIONS

The most comprehensive set of results for the integral properties of
periodic waves are those given by Cokelet (2), obtained from very high-
order Stokes’ expansions with extensive series-enhancement processing.
These results provide a standard against which the accuracy of the pres-
ent application-oriented low-order theory can be tested.

Of all integral quantities, that most often used as a basis for compar-
ison is #, which is the wave speed, ¢, for the special case cx = 0. Cok-
elet’s results for this quantity are shown on Fig. 2, in which is plotted
the square of the dimensionless wave speed, c2k/g, against the dimen-
sionless wave height, kH/2, for several different values of the length
scale, kl = kQ/1, taken from Tables AQ and A2-A6 of Cokelet (2). The
physical importance of kI is not immediately obvious. However, it is ap-
proximately the dimensionless depth, so that the water depth is roughly
constant for each curve. This gives the approximate wavelength/water
depth ratios as shown on the figure to give a better idea of the actual
wavelengths. Results from the present theory were found by setting the
appropriate value of kI from the values used by Cokelet, and then by
solving an equation for k. This is similar to Eqs. 23 and 26, but made
up from the ratio Q/74 into which Eqs. 13 and 15 for # and Q, respec-
tively, have been substituted. From Fig. 2 it can be seen that for waves
longer than about 10 times the water depth, the theory is not accurate,
but for all waves shorter than this, the fifth-order theory agrees very
closely with the accurate numerical results. This must be considered rather
surprising in view of the fact that the latter had to be obtained from
theories of very high order, with convergence-acceleration procedures.
The phenomenon of the maxima in wave speed was not shown by the
present results, but even for the highest waves, disagreement was not
very large. For waves in deep water the accuracy is remarkable.

As the “wave speed’ obtained previously is an integral quantity of the
wave train (mean fluid velocity on a constant level), it might be expected
that the details of actual flow fields would show somewhat poorer agree-
ment. To examine this, comparisons were made with several of the ex-
perimental results for long waves of Le Mehaute, et al. (6), to which
several other wave theories have been previously applied. Results are
shown in Fig. 3, for the fluid velocity underneath the wave crests.

Rienecker and Fenton (8) have applied an accurate numerical method
to these experimental results, using the appropriate condition cs = 0,
and in their paper gave some examination to the experimental mea-
surements and showed how they tend to be less than actual instanta-
neous flow velocities. Thus, rather more than the experimental results,
the curves obtained by Rienecker and Fenton might be considered the
real standard for comparison to see how accurately the present approx-
imate theory solves the idealized two-dimensional incompressible irro-
tational problem.
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FIG. 3.—Horizontal Fluid Velocity Under Wave Crests, and Variation with Eleva-
tion Above Bed (Dots = Experimental Points of Lé Mehauté, et al.; Solid Line =
Numerical Solution of Rienecker and Fenton; Irregular Dashed Line = Fifth-Order
Solution of Skjelbreia and Hendrickson with ¢ = 0; Dashed Line = Fifth-Order
Solution from Present Theory; A — 1(g/d)"* = 8.59, H/d = 0.434; B — «(g/d)"”
= 8.59, H/d = 0.499; C — 7(g/d)"* = 15.87, H/d = 0.420)

The first two cases show a dimensionless period of t(g/d)"/* = 8.59
(roughly equal to wavelength/depth), and wave heights of 0.434 and
0.499 times the water depth. It can be seen that the fifth-order Stokes
theory agrees closely with the numerical results, gradually diverging for
higher elevations. The fact that the present low-order theory is closer to
the experimental results does not mean that it is a more accurate solu-
tion of the steady irrotational flow problem as set out in this paper. Rather
the errors of the present theory tend to agree with errors caused by the
manner in which the experiments were conducted. Also plotted in the
figure are the curves, plotted by Le Mehaute et al., from the theory of
Skjelbreia and Hendrickson, but where the inappropriate criterion of zero
current c; = 0 was used. It can be seen that the results so obtained are
in error by some 20-40%, and that it is important to use the correct
value of the wave speed.

Any confidence that the results instill, based on the first two cases, is
quickly destroyed by those for the third, for the long wave of t(g/d)"*
= 15.87 (=\/d) and height H/d = 0.420. In this case the expansion pa-
rameter, ¢, is only 0.08, but the effective expansion parameter ¢/(kd)® is
roughly 1.2, and the Stokes theory would not be expected to be accurate.
Indeed, it is obviously grossly in error, and the result provides a clear
warning that Stokes theories should not be used for long waves. A rea-
sonable upper limit is 7(g/d)"/* = \/d =~ 10. Beyond this limit, cnoidal
wave theory can be used, for which reference can be made to Fenton
(5) for a higher order theory (which uses cg = 0), and which was found
to be satisfactory for long waves, but not for waves higher than half the
depth. For high accuracy, over all wave heights and lengths short of the
solitary wave, the numerical method given in Ref. 8 seems the most
capable.

CONCLUSIONS

1. A fifth-order Stokes theory for periodic waves has been obtained
which uses the actual wave steepness as expansion parameter. In ap-
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plications where the wavelength is initially unknown, one nonlinear
equation must be solved as the first step, whereas previous theories have
required the solution of two or three simultaneous equations, which has
been found to be difficult.

2. It has been shown that to apply this theory or any other steady
wave theory, more information is necessary than has usually been pro-
vided in the past. Neither this theory, nor any other, can give the actual
wave speed in most situations, which is governed by factors external to
the theory, such as the prevailing current or mass flux. If the wavelength
is not known, either the wave speed or the mean current at a point in
the fluid or the mass flux induced by the waves must be known, so that
the wavelength can be obtained. If none of these are known, then ap-
plication of the theory, or any other, is irrational and likely to be in error
at first order, as in almost all previous applications of steady wave the-
ories. In this case there is clearly no reason to use any theoretical results
higher than first order.

3. A method has been devised for the numerical checking of pertur-
bation expansions in engineering and physics. Using this it has been
shown numerically that the present theory and that of Chappelear are
correct, but that the theories of De and Skjelbreia and Hendrickson con-
tain errors at fifth-order.

4. It has been shown that in the long wave limit, the expansion pa-
rameter for Stokes-type theories becomes the Ursell number, which is
large in this limit so that the theories are inaccurate, which was first
pointed out by Ursell (13). The present fifth-order theory has been shown
to be quite accurate for waves shorter than 10 times the water depth. If
high accuracy is required, or longer or higher waves are to be studied,
the numerical method of Rienecker and Fenton (8) is preferable.
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APPENDIX Il.—NOTATION

The following symbols are used in this paper:
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dimensionless coefficients in series for ® and ¢;

length scale in leading term in Fourier series as used by
Stokes;

dimensionless coefficients in Fourier series for n(x);
dimensionless coefficients in power series for n(x);
dimensionless coefficients in series for ;

wave speed;

mean current (mean Eulerian horizontal fluid velocity);
mean fluid transport velocity;

dimensionless coefficients in series for Q;

mean depth of water;

dimensionless coefficients in series for R;

jth Fourier component of errors at free surface;
dimensionless coefficients in series for {s;

gravitational acceleration;

wave height (crest to trough);

wavenumber = 2m/)\;

depth scale = Q/i;

exponent of € in leading error term in boundary conditions;
pressure;

volume flow rate of fluid relative to waves;

Bernoulli constant in steady flow;

sech 2kd;

horizontal component of fluid velocity, in particular frame
of interest;

ditto, in frame in which waves are stationary;

mean fluid speed (in frame in which waves are stationary)
over one wavelength for constant elevation. This is equal to
wave speed relative to frame in which there is zero current;
vertical component of fluid velocity, in particular frame of
interest;

ditto, in frame in which waves are stationary;

Cartesian coordinates in frame of interest, through which
waves move at speedc; X = x + ct, Y = y;

Cartesian coordinates in frame where waves are stationary;
ys = elevation above mean fluid level;

Landau order symbol, used as in 0(e®), means neglected terms
of errors are proportional to sixth power of ¢;
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coefficient of leading error term in boundary conditions;
kH/2, wave steepness;

elevation of free surface above bottom;

elevation of free surface above mean level;

wavelength;

fluid density;

wave period;

velocity potential in (X, Y) frame;

velocity potential in (x,y) frame; and

stream function in (x,y) frame.
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